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PREFACE 



Over the past 25 years, I have been immersed in research in Algebra and more 
particularly in ring theory. I embarked on writing this book on Smarandache rings (S- 
rings) specially to motivate both ring theorists and Smarandache algebraists to 
develop and study several important and innovative properties about S-rings. 

Writing this book essentially involved a good deal of reference work. As a researcher, 
I felt that it will be a great deal better if we thrust importance on results given in 
research papers on ring theory rather than detail the basic properties or classical 
results that the standard textbooks contain. I feel that such a venture, which has 
consolidated several ring theoretic concepts, has made the current book a unique one 
from the angle of research. 

One of the major highlights of this book is by creating the Smarandache analogue of 
the various ring theoretic concepts we have succeeded in defining around 243 
Smarandache concepts. 

As it is well known, studying any complete structure is an exercise in unwieldiness. On 
the other hand, studying the same properties locally makes the study easier and also 
gives way to greater number of newer concepts. Also localization of properties 
automatically comes when Smarandache notions are defined. So the Smarandache 
notions are an excellent means to study local properties in rings. 

Two levels of Smarandache rings are defined. We have elaborately dealt in case of 
Smarandache ring of level I, which, by default of notion, will be called as 
Smarandache ring. The Smarandache ring of level II could be constructed mainly by 
using Smarandache mixed direct product. The integral domain Z failed to be a 
Smarandache ring but it is one of the most natural Smarandache ring of level II. 

This book is organized into five chapters. Chapter one is introductory in nature and 
introduces the basic algebraic structures. In chapter two some basic results and 
properties about rings are given. As we expect the reader to have a strong background 
in ring theory and algebra we have recollected for ready reference only the basic 
results. Chapter three is completely devoted to the introduction, description and 
analysis of the Smarandache rings — element-wise, substructure-wise and also by 
localizing the properties. The fourth chapter deals with mixed direct product of rings, 
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which paves way for the more natural expression for Smarandache rings of level II. It 
is important to mention that unlike in rings where the two sided ideals form a 
modular lattice, we see in case of Smarandache rings the two sided ideals in general 
do not form a modular lattice which is described in the cover page of this book. This 
is a marked difference, which distinguishes a ring and a Smarandache ring. Hie fifth 
chapter contains a collection of suggested problems and it contains 200 problems in 
ring theory and Smarandache ring theory. It is pertinent to mention here that some 
problems, specially the zero divisor conjecture find several equivalent formulations. 
We have given many equivalent formulations, for this conjecture that has remained 
open for over 60 years. 

I firstly wish to put forth my sincere thanks and gratitude to Dr. Minli Perez. His 
making my books on Smarandache notions into an algebraic structure series, 
provided me the necessary enthusiasm and vigour to work on tins book and other 
future titles. 

It gives me immense happiness to thank my children Meena and Kama for single- 
handedly helping me by spending all their time in formatting and correcting tins 
book. 

I dedicate this book to be my beloved mother-in-law Mrs. Salagramam Alamelu 
Ammal, whose only son, an activist-writer and crusader for social justice, is my dear 
husband. She was the daughter of Sakkarai Pulavar, a renowned and much-favoured 
Tamil poet in the palace of the King of Ramnad; and today when Meena writes poems 
in English, it reminds me that tins literary legacy continues. 
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Chapter One 

PRELIMINARY NOTIONS 



This chapter is devoted to the introduction of basic notions like, groups, semigroups, 
lattices and Smarandache semigroups. This is mainly done to make this book self- 
sufficient. As the book aims to give notions mainly on Smarandache rings, so it 
anticipates the reader to have a good knowledge in ring theory. We recall only those 
results and definitions, which are very basically needed for the study of this book. 

In section one we introduce certain group theory concepts to make the reader 
understand the notions of Smarandache semigroups, semigroup rings and group 
rings. Section two is devoted to the study of semigroups used in building rings viz. 
semigroup rings. Section three aims to give basic concepts in lattices. The final 
section on Smarandache semigroups gives the definition of Smarandache semigroups 
and some of its properties, as this would be used in a special class of rings. 



1.1 Groups 

In tins section we just define groups for we would be using it to study group rings. As 
the book assumes a good knowledge in algebra for the reader, we give only some 
definitions, notations and results with the main motivation to make the book self- 
contained; atleast for the basic concepts. We give examples and ask the reader to 
solve the problems at the end of each section, as it would help the student when 
she/he proceeds into the study of Smarandache rings and Smarandache notions about 
rings; not only for comparison of these two concepts, but to make them build more 
Smarandache structures. 

Definition 1 . 1 . 1 : A set G that is closed under a given operation '.'is called a 
group if the following axioms are satisfied. 

1. The set G is non-empty. 

2. If a, h,ceG then a(bc) - ( ah ) c. 

3 ■ There are exists in G an element e such that 

(a) For any element a in G, ea-ae- a. 

(b) For any element a in G there exists an element a 1 in G such that 

-i * -i 

a a - aa - e. 

A group, which contains only a finite number of elements, is called a finite group, 
otherwise it is termed as an infinite group. By the order of a finite group we mean the 
number of elements in the group. 



7 




It may happen that a group G consists entirely elements of the from a”, where a is a 
fixed element of G and n is an arbitrary integer. In this case G is called a cyclic group 
and the element a is said to generate G. 

Example 1.1.1. Let Q be the set of rationals. Q\{0} is a group under multiplication. 
This is an infinite group. 

Example 1.1.2 : Z p = {(), 1, 2, .... p - 1}, p a prime be the set of integers modulo 
p. Z p \{0} is a group under multiplication modulo p. This is a finite cyclic group of 
order p-1. 

Definition 1.1.2 \ Let G be a group. If a . b - b . a for all a, b e G, we call G 
an abelian group or a commutative group. 

The groups given in examples 1.1.1 and 1.1.2 are both abelian. 

Definition 1.1.3 : letX = {1, 2, , n}. Let S n denote the set of all one to one 
mappings of the set X to itself. Define operation on S n as the composition of 
mappings denote it by ‘o’. Now (S n , o) is a group, called the permutation group 
of degree n. Clearly (S n , o) is a non-abelian group of order nl. Throughout this 
text S n will denote the symmetric group of degree n. 

Example 1.1.3 : Let X={1, 2, 3}. S 3 = {set of all one to one maps of the set X to 
itself} . The six mappings of X to itself is given below: 

1 1 

Po : 2 -> 2 

3 -> 3 

1^1 1 3 

Pi : 2 — > 3 p 2 : 2 — >■ 2 

3^2 3 -> 1 

1^2 1 2 

p 3 : 2 — > 1 p 4 '■ 2 — > 3 

3^3 3 1 

1 3 

and p 5 : 2 1 

3 ^2 
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s 3 = {p 0 , Pp Vv Vy P„ P 5 } is a group of order 6 = 3! 
Clearly S 3 is not commutative as 



1 -> 3 

PiOp 2 = 2 -> 1 

3 -> 2 

1 -> 2 

P 2 0Pi = 2 -> 3 

3 -> 1 



P 5 



Vy 



Since p 4 o p 2 * p 2 o p,, S 3 is a non-commutative group. 
Denote p 0 , p„ p 2 ,...,p 5 by 



f 1 


2 


3^ 




ri 


2 


3^ 




ri 


2 


3^ 




ri 


2 


3" 




2 


3j 


> 


vl 


3 


2 J 




v3 


2 


lj 


v • 


v3 


1 


V 



respectively. We would be using mainly this notation. 

Definition 1.1.4: Let (G, o) be a group. Ha non-empty subset of G. We say H 
is a subgroup if (H, o) is a group. 

Example 1.1.4 : Let G = (g / g h = 1) be a cyclic group of order 8. H={g 2 , g', g, 1} is 
subgroup of G. 

Example 1.1.5: In the group S 3 given in example 1.1.3, H = {1, p 4 , p 5 } is a 
subgroup of S 3 . 

Just we shall recall the definition of normal subgroups. 

Definition 1.1.5: Let G be a group. A non-empty subset H of G is said to be a 
normal subgroup of G, if Ha - aH for ever y a in G or equivalently H-fa'ha / for 
every a in G and every h e H}. IfG is an abelian group or a cyclic group then all 
of its subgroups are normal in G. 

Example 1.1.6 : Hie subgroup Fl={ 1, p 4 , p 5 } given in example 1.1.5 is a normal 
subgroup of S 3 . 
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Notation: Let S n be the symmetric group of degree n. Then for n > 5, each S n has only 

ni 

one normal subgroup, A n which is of order — called the alternating group. 

2 

Definition 1.1.6: IfG is a group, which has no normal subgroups then we say 
G is simple. 

Definition subnormal series of a group G is a finite sequence H 0 , H v 

. . ., H n of subgroups of G such that H. is a normal subgroup ofH j+l with H={ e} 
andH n -G. 

A normal series of G is a finite sequence H 0 , Hj , . . . , H n of normal subgroups of G 
such that H. c H. + v H 0 ={e} and H n = G. 

Example 1.1.7. Let Z u \ {()}= {1, 2, ... , 10} be the group under multiplication 
modulo 11. Z u \ {0} is a group. This has no subgroups or normal subgroups. 

Example 1.1.8. Let G= (g / g 12 =l) be the cyclic group of order 12. The series {1} 
c= {g 6 , 1} c {1, g 3 , g 6 , g 9 } c G. The series {1} c {1, g 6 } c {1, g, g 4 , g 6 , g 8 , g 10 } c G. 

Definition 1.1.8 \ Let G be a group with identity e. We say an element x e G 
to be a torsion free element, if for no finite integer n, x=e. If ever}’ element in G 
is torsion free we say G is a torsion free group. 

Example 1.1.9. Let G = Q \ {0}; Q the field of rationals. G is a torsion free abelian 
group. 

A torsion free group is of infinite order; by the very definition of it. The reader is 
requested to read more about, the composition series in groups as it would be used 
in studying the concept of A.C.C and D.C.C for rings in the context of Smarandache 
notions. 

Problems: 



1 . Find all the normal subgroups in S n . 

2 . Find all subgroups of the symmetric group S 8 . 

3 . Find only cyclic subgroups of S 9 . 

4. Can S 9 have non-cyclic subgroups? 

5. Find all abelian subgroups of S 12 . 

6. Find all subgroups in the dihedral group; D 2n = {a, b/a 2 = b" = 1 and bab = a}. 

7. Is I) 2 3 = {a, b / a 2 = b 3 =l and bab = a} simple? 
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8. Find the subnormal series of S n . 

9. Find the normal series of D 2n . 

10. Find the subnormal series of G = {g / g 2 "= 1 }. 

11. Can G= <g / g p = 1 , p a prime) have a normal series? 

12. Find the normal series of G= <g / g =1). 

1.2 Semigroups 

In this section we introduce the concept of semigroups mainly to study the two 
concepts; Smarandache semigroups and semigroup rings. Several types of semigroups 
are defined and their substructures like ideals and subsemigroups are also defined 
and illustrated with several examples. We expect the reader to have a strong 
background of algebra. 

Definition 1.2.1: A semigroup is a set S together with an associative closed 
binary operation defined on it. We shall call (S, .) a semigroup or S a 
semigroup. 

Example 1.2.1. (Z + u {0}, x); the set of positive integers with zero under 
multiplication is a semigroup. 

Example 1.2.2. S nXm = {(a^/a^ e Z} be the set of all n x m matrices under 
addition. S nXm is a semigroup. 

Example 1.2.3 : S nXn = {(a ;j ) / a ;j e Z + } be the set of all n x n matrices under 
multiplication. S nXn is a semigroup. 

Example 1.2.4: Let S(n) = {set of all maps from a set X = {x p x 2 , ... , x n } to 
itself}. S(n) under composition of maps is a semigroup. 

Example 1.2.5: Z 15 = {0, 1, 2, ... , 14} is the semigroup under multiplication 
modulo 15. 

Definition 1.2.2: Let S be a semigroup. For a, b e S, if we have a. b = b . a, 
we say S is a commutative semigroup. 

Definition 1.2.3: Let S be a semigroup. If an element e e S such that a . e - 
e. a -a for all a eS, we say S is a semigroup with identity or a monoid. 

If the number of elements in a semigroup is finite we say S is a finite semigroup; 
otherwise S is an i nfi nite semigroup. The semigroup given in examples 1.2.1 and 
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1.2.2 are commutative monoids of i nfi nite order. The semigroup given in example 

1.2.3 is an infinite semigroup which is non-commutative. 

Example 1.2.4 is a non-commutative monoid of finite order. The semigroup in 
example 1.2.5 is a commutative monoid of finite order. 

Definition 1 . 2 . 4 : let (S, .) be a semigroup. A non-empty subset P ofS is said 
to be a subsemigroup if (P, .) is a semigroup. 

Example 1.2.6. Let Z 12 = {0, 1, 2, ... , 11} be the monoid under multiplication 
modulo 12. P = {0, 2, 4, 8} is a subsemigroup and P is not a monoid. 

Several such examples can be easily got. 

Definition 1 . 2.5 \ Let S be a semigroup. A non-empty subset P ofS is said to 
be a right (left) ideal ofS if for allp eP and s eS we have ps eP (sp e P). IfP is 
simultaneously both a right and a left ideal we call P an ideal of the semigroup S. 

Definition 1 . 2 . 6 : Let S be a semigroup under multiplication. We say S has 
zero divisors provided 0 eS and a.b-0 for a *0, b *0 in S. 

Example 1.2.7'. Let Z 16 = {0, 1, 2, ... , 15} be the semigroup under multiplication. 
Z l6 has zero divisors given by 



2.8 = 


0 (mod 16) 


4.4 = 


0 (mod 16) 


8.8 = 


0 (mod 16) 


4.8 = 


0 (mod 16). 



Now we will define idempotents in semigroups. 

Definition 1 . 2 . 7 \ Lets be a semigroup under multiplication. An element seS 

2 

is said to be an idempotent in the semigroup if s = s. 

Example 1.2.8. Let Z 10 = {0, 1, 2, ... , 9} be the semigroup imder multiplication 
modulo 10. Clearly 5 e Z 10 is such that 5 2 = 5 (mod 10), also 6 2 = 6 (mod 10). 
Thus Z 10 has non-trivial idempotents in it. 

Definition 1 . 2 . 8 \ Let S be a semigroup with unit 1 i.e., a monoid, we say an 
element x e Sis invertible if there exists ay eS such that xy-1. 

Example 1.2.9 : Let Z 12 = {0, 1, 2, . . . , 11} be the semigroup under multiplication 
modulo 12. Clearly 1 e Z 12 and 
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11.11 =1 (mod 12) 
5.5 =1 (mod 12) 
7.7 = 1 (mod 12). 



Thus Z 12 has invertible elements. 

We give some problems for the reader to solve. 

Notation: Throughout this book S(n) will denote the set of all mapping of a set X 
with cardinality n to itself, i.e., X = {1, 2, . . . , n}; S(n) under the composition of 
mappings is a semigroup. Clearly the number of elements in S(n) = n". S(n) will be 
addressed in this text as a symmetric semigroup. 

For example the semigroup S(3) has 3 3 i.e., 27 elements in it and S(3) is a non- 
commutative monoid 

1 2 3 
1 2 3 

acts as the identity. Now 




S(2) = 






is a semigroup under composition of maps, in fact a monoid of order 4. We will call 
S(n) the symmetric semigroup of order n" by default of terminology. 

Problems: 



1 . 



2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9- 



Let S 




/ae Z 7 \{0} 





. Is S a semigroup under 



multiplication? What is the order of S? 

Find a non-commutative semigroup of order 6. 

Can a semigroup of order 3 be non-commutative? 

Find the smallest non-commutative semigroup. 

Is all semigroups of order p, p a prime, a commutative semigroup? Justify. 
Find all subsemigroups of the symmetric semigroup S(6). 

Find all right ideals of the symmetric semigroup S(9) . 

Find only ideals of the symmetric semigroup S(10). 

Find a semigroup of order 26. (different from Z 26 ). 
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10 . 



Let S 3x3 = {(a.j) / a ;j e Z 2 } i.e., set of all 3 x 3 matrices with entries from Z 2 = 
{0,1}. Is S 3x3 a semigroup? Find ideals and subsemigroups in S 3x3 . Does S 3x3 
have idempotents? Does S 3x3 have zero divisors? Find units in S 3x3 . 

11. For the semigroup Z 12 = {0, 1,2,3, ... , 11} under multiplication modulo 12. 
Find 

i. Subsemigroups which are not ideals. 

ii. Ideals. 

iii. Zero divisors. 

iv. Idempotents. 

v. Units. 

12. Find in the semigroup S(21) right and left ideals. Does S(21) have 
subsemigroups which are not ideals? 



1 .3 Lattices 

In this section we mainly introduce the concept of lattices as we have a well known 
result in ring theory which states that “the set of all two sided ideals of a ring form a 
modular lattice”. As our main motivation for writing this book is to obtain all possible 
Smarandache analogous in ring we want to see how the collection of Smarandache 
ideals and Smarandache subrings look like. Do they form a modular lattice? We 
answer this question in chapter four. So we devote this section to introduce lattices 
and modular lattices. 

Definition 1.3.1: Let A and B be two non-empty sets. A relation R from A to B 
is a subset of A x B. Relations from A to A are called relation on A, for short. If 
(a, b) eR then we write aRb and say that a is in relation R to b. Also if a is not 
in relation R to b we write a R b. A relation Ron a nonempty set may have some 
of the following properties: 

R is reflexive if for all a in A we have aRa. 

R is symmetric if for all a, b in A, aRb implies bRa. R is anti symmetric if for all 
a,b in A, aRb and bRa imply a -b. 

R is transitive if for all a,b,c in A aRb and bRc imply aRc. A relation Ron A is an 
equivalence relation, if R is reflexive, symmetric and transitive. 

In this case, [a] - fb eA /aRb} is called the equivalence class of a for any a eA. 

Definition 1.3.2: A relation Ron a set A is called a partial order ( relation ) if 
R is reflexive, anti symmetric and transitive. In this case (A, R) is called a 
partially ordered set or poset. 
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Definition 1.3-3: ^4 partial order relation < on A is called total order or 
lattice order if for each a, b e A either a < b or b < a; (A, <) is then called a 
chain or a totally ordered set. 

For example {-7, 3, 2, 5, 1 1} is a totally ordered set under the order <. 

Let (A, <) be a poset. We say a is a greatest element if all other elements are smaller. 
More precisely a e A is called the greatest element of A if for all x e A we have x < a. 
The element b in A is called a smallest element of A if b < x for all x e A. The element 
c e A is called a maximal element of A if c < x implies c = x for all x e A; similarly d 
g A is called a minimal element of A if x < d implies x = d for all x e A. 

It can be shown that (A, <) has almost one greatest and one smallest element. 
However there may be none, one or several maximal or minimal elements. Every 
greatest element is maximal and every smallest element is minimal. 

Definition 1.3.4: Let (A, <) be a poset and B c A. 

a) a eA is called an upper bound ofB if and only if for all b eB,b < a. 

b) a e A is called a lower bound ofB if and only if for all b e B, a < b. 

c) The greatest amongst the lower bounds whenever it exists is called the 
infimum ofB, and is denoted by infB. 

d) The least upper bound ofB, whenever it exists, is called the supremum of 
B and is denoted by sup B. 

Definition 1.3.5 -A poset (L, < ) is called lattice ordered if for every pair x, y 
of elements of l, the sup fx, y}and inf {x, y} exist. 

Definition 1.3.6 :An algebraic lattice (L , u, n) is a nonempty set L with two 
binary operation n (meet) and u (join), which satisfy the following results: 

L 1 xny-ynx xuy-yux 

L 2 x n (y nz) - (x ny) nz (x uy) uz - x u (y uz) 

L 3 x n(y ux) =x x u(x ny) = x 

Two applications of (Lf namely x nx = x n(x u(x n x)) =x lead to x nx- 
x and x ux - x. Lj is the commutative law, l 2 is the associative law, L 3 is the 
absorption law, and l 4 is the idempotent law. 
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Definition 1 . 3 . 7 : A lattice L is called modular if for all x,y,z eL 

x < z imply x u(y nz) = (x uy) nz (modular equation). 

Result 1.3.1 . The lattice given in the following figure is known as pentagon lattice: 

1 




Figure 1.3.1 

which is not modular. 



Result 13.2 : The lattice known as diamond lattice (given by figure 1.3.2) is 
modular. 




Figure 1.3.2 

Definition 1.3.8: A lattice L is called distributive if either of the following 
conditions hold for all x, y, z in L. 

x u (y nz) - (x uy) n (x uz) 
x n(y uz) - (x ny) u (x nz). 

The lattice given in Figure 1.3.2 is the smallest modular lattice which is not 
distributive. 
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Definition 1 . 3 . 9 : A non-empty subset S of a lattice L is called a sublattice ofL 
if S is a lattice with respect to the restriction of n and u of l onto S. 

Result 1.3.3 : Every distributive lattice is modular. 

Proof is left for the reader as an exercise. 

Result 1.3.4 A lattice is modular if and only if none of its sublattices is isomorphic 
to the pentagon lattice. 




0 

Figure 1.3.3 



We leave the proof as an exercise to the reader. 

Now we give some problems: 

Problems; 

1. Prove the lattice given in figure 1.3.4 is distributive. 




Figure 1.3.4 



2. Prove the lattice given by Figure 1.3.5. is non-modular. 
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1 



3. Is this lattice 




e 



Figure 1.3.5 

» 1 
°a 
"b 
"c 

Figure 1.3.6 



modular ? 




Figure 1.3.7 

Is this lattice modular? distributive? 

5. Give a modular lattice of order nine which is non-distributive. 
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1.4 Smarandache semigroups 



In this section we introduce the notion of Smarandache semigroups (S-semigroups) 
and illustrate them with examples. Hie main aim of this is that we want to define 
which of the group rings and semigroup rings are Smarandache rings, while doing so 
we would be needing the concept of Smarandache semigroups. As the study of S- 
semigroups is very recent one, done by F. Smarandache, R. Padilla and W.B. Vasantha 
Kandasamy [73, 60, 154, 156], we felt it is appropriate that the notion of S- 
semigroups is substantiated with examples. 

Definition [73, 60 \ : A Smarandache semigroup (S-semigroup) is defined to 
be a semigroup A such that a proper subset A is a group (with respect to the 
induced operation on A). 

Definition [154, 156]: Let A be a S-semigroup. A is said to be a 
Smarandache commutative semigroup (S-commutative semigroup) if the proper 
subset of A which is a group is commutative. If A is a commutative semigroup 
and if A is a S-semigroup then A is obviously a S-commutative semigroup. 

Example 1.4.1 : Let Z 12 = {0, 1, 2, . . . , 11} be the semigroup under multiplication 
modulo 12. It is a S-semigroup as the proper subset P = {3, 9} is a group with 9 as 
unit; that is the multiplicative identity. That is P is a cyclic group of order 2. 

Example 1.4.2: Let S(5) be the symmetric semigroup is a S-semigroup, as S 5 c= 
S(5) is the proper subset that is a symmetric group of degree 5. Further S(5) is a S- 
commutative semigroup as the element 

_(l 2 3 4 5" 

P ”l 2 3 4 5 1, 



generates a cyclic group of order 5. 

Definition [154, 156]: Let S he a S-semigroup. A proper subset X of S which 
is a group under the operations of S is said to be a Smarandache normal 
subgroup ( S-normal subgroup) of the S-semigroup, if aX and Xa cX or aX = 

{0} andXa = {0} for all x e S, if 0 is an element in S. 

Example 1.4.3: Let Z 10 = {(), 1,2,..., 9} be the S-semigroup of order 10 under 
multiplication modulo 10. The set X = {2, 4, 6, 8} is a subgroup of Z 10 which is a S- 
nomial subgroup of Z 10 . 
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Problems: 



1 . Show Z 15 is a S-semigroup. Can Z 15 have S- normal subgroups? 

2. Let S(8) be the symmetric semigroup, prove S(8) is a S-semigroup. Can S(8) 
have S-normal subgroups? 

3. Find all S-normal subgroups of Z 24 = {0, 1 , 2, ... , 23}, the semigroup of 
order 24 under multiplication modulo 24. 

4. Give an example of a S-non-commutative semigroup. 

5 . Find the smallest S-semigroup which has nontrivial S-normal subgroups. 

6. Is M 3x3 = {(a ;j ) / 'i. e Z, = {0,1,2}} a semigroup under matrix 
multiplication; a S-semigroup? 

7. Can M 3x3 given in problem 6 have S-normal subgroup? Substantiate your 
answer. 

8. Give an example of a S-semigroup of order 18 having S-normal subgroup. 

9. Can a semigroup of order 19 be a S-semigroup having S-normal subgroups? 

10. Give an example of a S-semigroup of order p, p a prime. 
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Chapter two 

RINGS AND THEIR PROPERTIES 



In this chapter we recollect some of the basic properties of rings. This Chapter is 
organized into seven sections. In section one we just recall the definition of ring and 
give some examples. Section two is devoted to the study of special elements like zero 
divisors, units, idempotents nilpotents etc. Study of substructures like subrings, ideals 
and Jacobson radical are introduced in section three. Recollection of the concept of 
homomorphisms and quotient rings are carried out in section four. Special rings like 
polynomial rings, matrix rings, group rings etc are defined in section five. Section six 
introduces modules and the final section is completely devoted to the recollection of 
the rings which satisfy chain conditions. Every section ends with a list of problems to 
be solved by the reader. Finally no claim is made that we have recaptured all facts 
about rings we do not do it in fact the reader is expected to be well versed in ring 
theory. 



2.1 Definition and Examples 

In this section we recall the definition of rings and their basic properties and illustrate 
them with examples. Also the definition of field, integral domain and division ring are 
given. 

Definition 2 . 1 . 1 : A non-empty set R is said to be an associative ring if in R 
are defined two binary operations '+ ' and '. ' respectively such that 

1. (R, +) is an additive abelian group. 

2. (R, .) is a semigroup. 

3- a. (b + c) -a. b + a. cand 
(a + b).c-a.c + b.c for 
all a, b,c eR ( the two distributive laws). 

It may very well happen that (R, .) is a monoid, that is there is an element 1 in R 
such that a . 1 = 1 . a = a for every a eR, in such cases we shall describe Rasa 
ring with unit element. 

If the multiplication in R is such that a. b = b . a for every a, b in R, then we call 
R a commutative ring, if a . b *b . a atleast for a pair in R then R is a non- 
commutative ring. 

Henceforth, we simply represent a . b by ab. 
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Example 2.1.1 : Let Z be the set of integers, positive, negative and 0; Z is a 
commutative ring with 1. 

Example 2.1.2 : Let \ = {0, 1, 2, . . . , n - 1) be the ring of integers modulo n. Z n is 
a ring under modulo addition and multiplication. Z n is a commutative ring with unit. 

Example 2.1.3: Let M nXn = {(a^) / a ij e Z}, the set all n x n matrices with matrix 
addition and multiplication. M nXn is a non-commutative ring with unit element. 

Definition 2 . 1 . 2 : Let (R, +, .) be a ring, if (R\fO}, .) is an abelian group we 
call R afield. 

Notation: Z - denotes the set of integers positive, negative and zero. Q - denotes the 
set of positive and negative rationals with zero R - denotes the set of reals, positive, 
negative with zero. Z n - set of integers modulo n. Z n = {0, 1,2, ... , n-1}, Z p - set of 
integers modulo p, p - prime, Set of complex number of the from a+ib, a, b e R or Q 
or Z is denoted by C. 

Definition 2 . 1 . 3 : If a ring R has a finite number of elements we say R is a 
finite ring, otherwise R is an infinite ring. 

Definition 2 . 1 . 4 : Let R be a ring if mx = x + . . .+ x (m-times) is zero for 
every x eR,m a positive integer then we say characteristic ofR is m. If for no m 
the result is true we say the characteristic ofR is 0, denoted by characteristic R is 
0 or characteristic R is m. 

Note : The rings given in examples 2.1.1 and 2.1.3 are of characteristic zero where as 
the ring in example 2. 1.2 is of characteristic n. 

Example 2.1.4 : Let Z () = {(), 1, 2, ... , 8}. This is a commutative finite ring of 
characteristic 9 with unit 1. 

Definition 2 . 1.5 : let R be a ring, we say a # 0 e R is a zero divisor, if there 
exists b e R, h *0, such that a.h = 0. 

Example 2.1.5: The ring Z 15 = {0, 1,2,..., 14} is of characteristic 15. Clearly for 
3 * 0 e Z 15 we have 5 e Z 15 such that 3-5 = 0 mod(15) thus Z 15 has zero divisor. 

But the ring given in example 2. 1 . 1 has no zero divisors. 

Definition 2 . 1.6 : let R be a commutative ring with unit. If R has no zero 
divisors we say R is an integral domain. ( The presence of unit is not a must). 
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The ring Z given in example 2.1.1 is an integral domain. 

Definition 2.1.7: Let R be a non-commutative ring in which the non-zero 
elements form a group under multiplication, then R is a division ring. 

Example 2.1.6. Let P be the set of symbols of the form a () + a,i + a 2 j + a 3 k where 
all the numbers a 0 , a,, a, and a 3 are real numbers. We declare two such symbols a 0 
+ a,i + a 2 j + a 3 k and P 0 + p,i + P 2 j + p.k to be equal if and only if a t = P t for t = 
0, 1, 2, 3. In other words to make P into a ring we must define a '+' and a for its 
elements. 

To this end for any X = a (l + a,i + a 2 j + a 3 k and Y = (3 0 + Pp + + p.k define X 

+ Y = (cc () + ccp + ct 7 j + a 3 k) + (p o + P 2 i + P 2 j + p,k) = (cc^ + (3 () ) + (cq + P 2 )i + 
(ct 2 + P 2 )j + (cc 3 + P 3 )k andX . Y = (ct 0 + cc 3 i + ct 7 j + ct 3 k) (P () + P 3 i + p ? j + P 3 k) 
= (a 0 P 0 - ajPj - a 2 P 2 - a 3 P 3 ) + (a 0 P, + a,P 0 + a 2 P 3 - a 3 P 2 )i + (a 0 P 2 + a 2 P (l + 
a 3 Pj- ajP 3 )j + (a 0 P 3 + a 3 P 0 + oqP,- a 2 Pj)k. 

We use in the product the following relation i = f = k“ = -1 = ijk, ij = -ji = k, jk 
= -kj = i, ki = -ik = j Notice ± i, + j, + k, + 1 form a non-abelian group of order 8 
under multiplication. 0 + Oi + Oj + Ok = 0 acts as the additive identity 0 of P. 1 = 1 + 
Oi + Oj + Ok serves as the unit. If X = a 0 + a,i + a 2 j + a 3 k then its inverse 

Y _a 0 ap a 2 j a 3 k 

P P P P 

where p = a () 2 + a, 2 + a/ + a 3 2 . Clearly X . Y = 1. Thus it can be verified as ij ^ ji, 
we get a division ring. 

Result 1 : Every commutative division ring is a field. Left for the reader to prove. 
Result 2 : A finite integral domain is a field. 

It is left for the reader to verify these results. 

Example 2.1.7\ Let S 3 X 3 = { (a^) / a jj e Z 10 } be the set of all 3 x 3 matrices; S 3 X 3 is 
not a division ring but is a non-commutative ring of characteristic 10. 

Problems: 

1. Give an example of a commutative ring of order 12. (where by order of the 
ring R we mean the number of elements in R, denote by o(R) or IRI). 

2 . What is the order of the smallest non-commutative ring? 
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3. Can a ring or order 1 1 be non-commutative? 

4. Find the zero divisors in the ring Z 30 = {0, 1, 2, , 29}. 

5. How many elements does the ring M 2x2 = { (a-.) / a tj eZ 4 = {0, 1, 2, 3}}; 

(i.e., set of all 2x2 matrices with entries from Z 4 ) contain? 

a. Find zero divisors in M 2 X 2 • 

b. Find units in M 2x2 . 

c. Show AB * BA adeast for a pair A, B e 'M 2x2 . 

6. Give an example of a ring of characteristic 0 which has zero divisors. 

7. Find a non-commutative ring of finite order other than the matrix ring. 

8. Does there exist a division ring of characteristic 0? 

9. Does there exist a division ring of characteristic n, n a non-prime? 

10. Find all zero divisors in the ring Z 25 . 

1 1 . Find a ring of order 1 0 which has no unit. 



2.2 Special Elements in Rings. 

In tins section we mainly introduce the concept of units, idempotents, zero divisors 
and regular elements, we just recall the definition of these concepts and illustrate 
them with examples. All properties and results related to these concepts are left for 
the reader to refer, books on ring theory. 

Definition 2.2.1 \ Let R be a ring, an element x e R\{0, 1} (if 1 is in R) is 

2 

called an idempotent in R if x -x for x eR. 

Example 2.2.1. Let Z 12 = {0, 1, 2, ... , 11} be the ring of integers modulo 12. We 
see 4 2 = 4 (mod 12) is an idempotent in it. 



Example 2.2.2\ Let M nXn = { (a.) / a.. eQ - the field of rationals}; M nXn is a ring 
under matrix addition and matrix multiplication. We have matrices A gM x such that 
A 2 = A. 



For example take n = 3, 




0 0 
0 0 
0 1 



2 

is such that A = A. Thus we have seen idempotents in case of both a commutative and 
a non-commutative rings. 
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Result . Let R be a ring with 1. If R has a nontrivial idempotent then we have 
nontrivial divisors of zero. 

For let x g R\ {0, 1} such that x 2 = x so x 2 - x = 0 i.e., x(x - 1) = 0 as x * 0 and x ^ 
1, we have nontrivial zero divisors. We call an element nilpotent if x" = 0 where x ^ 0 
g Randn > 2. 

Definition 2 . 2.2 \ Let R be a ring with 1. If for x e R \{0} there exists ay in 
R with x.y -1 we say R has units or invertible elements. 

Example 2.23. Let Q be the field of rationals every element in Q \ {0} is a unit. 

Example 2.2.4: Let Z 15 = {0, 1, 2, ... , 14} be the ring of integers modulo 15, we 
see 14 2 = l(mod 15), 4 2 = l(mod 15), 8.2 = l(mod 15). Thus Z 15 has nontrivial 
units but not all elements in Z 15 are units. 

Example 2.2.5. Let M 5x5 = { (a^) / a (j g Q} be the ring of matrices. Clearly all 
matrices A g M 5x5 are such that A is non-singular that is IAI ^ (0) are invertible. 

Definition 2 . 2.3 : let R be a ring if for s eR we have sr # 0 and rs # 0 for all 
r^O eR; then we say s is a regular element of R. 

For instance all elements in an integral domain or a field are regular elements. 

Problems: 

1 . Find all idempotents, zero divisors and units in Z 35 . 

2. Find the zero divisors and regular elements of the ring M 2x 2 = { (a.) / a. g Z 2 
= {0, 1}}; where M 2x 2 is the matrix ring. 

3. Find all the regular elements in Z 24 

4. Find only the idempotent matrices of M 3x3 = { (a..) / a., g Z }. 

1J 1) j 

5. How many regular elements are in M 2x2 given in problem 2? 

6. Does Z l6 = {0, 1, 2, ... , 15} have nilpotents of order 6? 

7. Can a matrix A in M 3x3 given in problem 4 have nilpotent elements of order 5? 
Justify your answer. 

8. Give zero divisors in Z 12 , which are not nilpotents. (for example 6 2 = 0(mod 

12 )). 

9. Can a ring R have only nilpotent element as zero divisor? Justify your answer. 

10. Find all regular elements, nilpotents, zero divisors, idempotents and units of 

the ring Z 210 . 
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2.3 Substructures of a Ring. 

In this section we introduce the concept of ideals, subrings and radicals for rings. We 
only recall the very basic definitions and illustrate them with examples. 

Definition 2.3.1: LetR be a ring, a proper subset S orR is said to be a subring 
ofR ifS itself under the operations ofR is a ring. Clearly {0} is a subring. 

Example 2.3-1'. Let Z 15 = {0, 1, 2, ... , 14} be the ring of integers modulo 15. S = 
{3, 6, 9, 12, 0} is a subring of Z 15 . 

Example 2.3-2. Let Z be the ring of integers, nZ = {0, + n, ± 2n, . . .}, is a subring 
of Z, n any positive integer. 

Example 2.3-3 LetM 3x3 = { (a (j ) / a,. e Z 4 = {0, 1, 2, 3}}. Clearly 





f a i) 


0 


0" 


/ > 


p = < 


0 


0 


0 


L 6 Z 4 = {0,1,2,3} 






0 


0, 


/ 



is a subring of M 3x3 . 

Definition 2.3.2: Let R be a ring. A nonempty subset I ofR is said to be the 
right (left) ideal ofR if 

1. I is a subgroup ofR under addition. 

2. For all r e Rands el; rs elfsr el). 

I is called an ideal; if I is simultaneously both a right and a left ideal ofR. IfR is 
a commutative ring naturally the concept of right and left ideals coincide. 

Example 2.3-4. Let Z be the ring of integers; pZ = {0, ±p, ±2p, . . .} is an ideal of Z. 
It is to be noted that in any ring R, (0) is an ideal of R; we will call (0) and R as trivial 
ideals of R. 

Example 2.3-5. Let Z 22 = {0, 1, 2, . . . , 21} be the ring of integers modulo 22. 

Clearly I = {0, 1 1 } is an ideal of Z 22 . Also P = {0, 2, 4, 6, 8, . . . , 20} is an ideal of Z 22 . 

Example 2.3-6 : Let Z 7 = {0, 1,2,.. ., 6}, this is a ring. Clearly Z 7 has no ideals as Z 7 
is a prime field of characteristic 7. 
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The student is expected to note that fields F have no nontrivial ideals. The only trivial 
ideals of F are {0} and F. 



Example 2.3-7 : Let M 2x2 = { (a.) / a ;j e Z 2 = {0, 1}} be the ring. Can M 2x2 have 
ideals? It is left as an exercise to find ideals in M 2x2 . 

Definition 2.3.3 . let R be a ring. I an ideal ofR, I is said to be a principal 
ideal ofR, if it is generated by a single element. 

Example 2.3-8. Let Z be the ring of integers, every element p in Z generates an ideal 
pZ, which is principal. 

Example 2.3-9. Let Z 25 = {0, 1, 2, . . . , 24} be the ring of integers modulo 25. <5} = 
{0, 5, 10, 15, 20} is an ideal of Z 25 (‘<5}’ denotes the ideal generated by 5.) which is 
principal. 

Definition 2.3.4: let R be a ring, I an ideal ofR. I is said to be a maximal 
ideal ofR; ifj is an ideal ofR such that I a J zR, then either I =J or J -R. We 
similarly define an ideal P of a ring R to be minimal, if S is an ideal ofR such 
that (0) zS zP then either (0) =S or S = P. 

A proper ideal P of a ringR is called prime if for xy eP we have x eP ory e P. 

Example 2.3-10. Let Z be the ring of integers. P = 8Z is an ideal. P is not a prime 
ideal as 4.2 e P but both 2 and 4 are not in P. 

Definition 2.3.5 . let R be a ring. The intersection of all maximal ideals of a 
commutative ring is called the radical of the ringR denoted by rad (R). This is 
called the Jacobson radical ofR. rad R-{r e R / 1 - rx is a unit for all x eR}. Thus 
the radical is the largest ideal K ofR such that for all r eR, 1 -r is a unit. 

Definition 2 . 3.6 : An ideal I of a ring R is said to be a nil ideal ofR if ever}’ 
element of I is nilpotent. An ideal I is nilpotent iff - 0 for some n > 1 by f = I. 
I.. . I, f - 1. 1 - { Zxy i / x P y t e 1} similarly for any power of n. 

Definition 2 . 3 . 7 : A ringR is simple if it has no two sided ideals other than 
(0) and R. It is interesting to note that all fields are trivially simple rings. 

Problems: 

1. Find all ideals of Z 124 . 

2 . Can the ring Z 24 have Jacobson radical? 
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3 . Find all maximal ideals of Z 125 . 

4. Find a ring in which an ideal which is simultaneously maximal and minimal. 

5. Find two right ideals of M nXn = { (a^)/ a ;j e Z 12 } which are not left ideals. 

6. Let Z 210 ={0, 1,2, , 209} be the ring of integers modulo 210 find 

a. Jacobson radical of Z 210 . 

b. Maximal ideal. 

c. Minimal ideal. 

d. Is every ideal principal? 

e. Does Z 210 have prime ideals? 

7. Find subrings which are not ideals in Q. 

8. Can Z 210 given in problem 6 have subrings which are not ideals? 

9. Find ideals and subrings of Z 25 . Are they identical? 

10. Find subrings which are not ideals in M 3x3 = { (a.)/ a jj e Z 6 ={0, 1, . . . , 5}}. 



2.4 Homomorphism and Quotient Rings 

In this section we recall the basic concepts of homomorphism and quotient rings and 
give some examples. 

Definition 2.4.1: let R and S be two rings. A mapping f R^ S is called a 
homomorphism of rings if for all a, b e R we have ( l)f(a+b ) =f(a) +f(b ) and 
(2)f(ab) =f(a) f(b). If f is a homomorphism, it is easy to verify f(0)=0,f(-x) = 
-f(x), andf(f)= f; in case both rings have identity. In case f(l K )-I s ; we say the 
map f is unitary. 

Definition 2.4.2: Let f R—> S be a ring homomorphism, the kernel of the 
homomorphism f is defined to be the set = fx e R/f(x) = 0} and is denoted by 
Kerf - fx e R/f(x)=0}. 

A ring homomorphism f R—> S is called 

1) a monomorphism iff is injective 

2) an epimorphism iff is surjective 

3) an isomorphism iff is bijective 

4) an endomorphism ifR = S and 

3) an automorphism if R - S and f is an isomorphism or 
equivalently; we can say a homomorphism f R—> S is a 
monomorphism if and only ifKer (f) = {0}. 

Clearly iff: R—> S is a ring homomorphism. 
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It is left as an exercise for the reader to verify that ker f is always a two sided ideal of 
R. 

Definition 2.4.3: Let R be a ring, I be a two sided ideal ofR, we make R/I - 
fa + 1 /a eR} into a ring called the quotient ring ofR by defining operations '+ ' 
and '. ' as follows. 

(a+I) + (b+I) = (a+b) + 1 for all a, b eR 
(a+I) + (-a+I) — I. 

So R/I is a group under addition, a+I - 1 for alia e I so I is the additive identity 
ofM. 

(r+I) I -I (r+I) -I for all r eR 
(a+I) (b+I) -ab + 1. 

So (R/I, +, .) is a ring called the quotient ring. (Here the distributive laws are left 
for the reader to verify) . 

For any ring homomorphism f: R-^S, kernel f denoted by ker f is an ideal of R and 
R/ker f is a ring. 

Several properties about quotient rings exists the nice among them is R/I is a field if 
and only if I is a maximal ideal in R. If I is a maximal ideal we call R/l the residue 
field of R at I. 

Definition 2.4.4: A ringR with 1 is called a local ring if the set of all non- 
units in R is an ideal. 

All division rings are local rings. 

Problems: 



1 . 

2 . 

3 . 

4 . 

5. 

6 . 
7. 



Find a ring homomorphism § between Z 20 and Z 18 such that the ker ^{0}. 



Let f: Z 25 -> Z 16 be a ring homomorphism find the quotient ring 



^25 

kerf - 



Let Z 36 = {0, 1, 2, . . ., 35} be the ring of integers modulo 36 . Let I = {2, . . ., 
34 , 0} andj = { 3 , 9 , . . ., 33 , 0} be ideals of Z 36 . Find the quotient rings Z 36 /I 
and Z 36 /f. 

Let Z 21 = {0, 1, 2, . . ., 20}. Find an ideal I of Z 21 such that Z 21 /I is a field. 

Prove for Z l2 ={0, 1, 2, . . ., 11}, the ring integers with I = {0, 6}, the quotient 
ring Z 12 / 1 is not a field. 

Show in any ring R we can have several quotient rings related to different 
ideals. Illustrate them by an example. 

How many quotient rings can be constructed for the ring Z?. 
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8. Give an example of a finite local ring. 

9. Find a homomorphism from f: Z 27 -> Z 18 such that Z 27 / ker (|) is isomorphic to 

Z|8' 

10. Let Z 23 and Z 19 be two rings. Is it possible to find a homomorphism § from Z 23 
to Z 19 such that Z 23 /ker cj) = Z 19 . Justify your answer. 



2.5 Special Rings 



In this section we just recall the four types of rings which are specially formed and 
illustrate them with examples. They are polynomial rings, matrix rings, direct product 
of rings, ring of Gaussian integers, group rings and semigroup rings. Examples of 
these rings will help in the study of Smarandache ring. Throughout this section by a 
ring we mean only ring with unit, which is commutative. 



Definition 2.5.1: Let R be a commutative ring with unit 1, x be an 
indeterminate, 



R[x] 




U=o 




e R, n can be a finite or an infinite integer i > 0 >. 



0 

X IS 



defined to be 1. 



Let p(x) -p 0 + ppc + . . . + px‘ and q(x) - q 0 + q r x + ... + q n pc". be elements in 
RfxJ. We say p(x) - q(x) if and only if m = n and p. = q.for all i, 0 <i <r. In 
particular a 0 + a pc + ... + aye 1 - 0 if and only if each a. - 0. 

Define addition in R[xJ by p(x) + q (x) = (p 0 + ppc + . . . + p t pc ) + (q 0 + qpc + 
■■■+ dnf) = (Po + q ( ) + (P, + q l )x + ... + qj" if m > n 

P(x) q(x) = (p 0 +ppc +... +p/) ( q 0 +qpc +...+ q n f) =pfl () = (pp, +p,q ( )x 
+ (p (fit 2 +PP, +pm<) * + • • • +P„ qj n+n - 

It can be easily verified that R[x] is a commutative ring with unit 1. Elements of R[x] 
are called polynomials and R[x] is a polynomial ring in the indeterminate x with 
coefficients from R. 



Example 2.5.1. Let Z be the ring of integers. Z[x] is a polynomial ring in the 
variable x. Z[x] is an integral domain. 

Example 2.5.2. Let Z n be the ring of integers modulo n. Zjx] is a polynomial ring 
with coefficients from Z n . Zjx] is a commutative ring with 1 and has zero divisors if n 
is a non-prime. 
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It is interesting to note in the polynomial ring Z [x] every ideal is principal. 

Polynomial rings in several variables can also be defined in a similar way. For if R[x] 
is a polynomial ring. Suppose y is another indeterminate then (R[x]) [y] is a 
polynomial ring using the commutative ring R[x] as the ring of quotients for the 

inderterminate y, (we assume xv = yx) denoted by R[x, y] . Suppose x p . . ., x n are n 
variables then the polynomial ring in n variables is R [x,, x 2 , . . ., xj where we assume 
xx = xx for 1 < i, j < n. 

Definition 2.5.2 \ let R be a commutative ring with 1, and n > 1 be an 
integer. 



MnXn ~ { ( a ij) / a y eR; 1 < i,j <n} be the set of all n xn matrices with entries in 
R where 



a n a i2 
a 21 a 22 




a ln 

a 2n 



V a n 1 M n2 



a 



nnj 



Define addition and multiplication in M nXn as follows: (a f + (b jf ) = (a- + bj 

n 

and (af) . (bf) = (cf) where Cy = for all i, j; 1 <i,j < n. It is easily 

k=i 

verified thatM nXn is a ring called the matrix ring of order with entries from R. 

r l 0 0 . . . O' 

0 10 . . . 0 



\0 0 0 ... 1 ) 

is called then xn identity matrix ofM nXn . 
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It is interesting to note that matrix ring M nXn is non-commutative and has zero divisors 
idempotents, nilpotents and also units. 



Example 2.5.3: Let M 2x2 = { (a.) / a (j gZ ; = {0, 1, 2, 3, 4}} is a ring . Find units, 
idempotents and zero divisors in M 2x2 . 

Definition 2 . 5.3 .Let R and S be any two rings ( not necessarily both R and S 
should be commutative rings with unit). P -R xS be the cartesian product ofR 
and S. Define addition and multiplication on P. (. x ; y) + (x„ y) = (x + x p y + 
y) and (x, y) (x p y) = (x x p yyj under these operations it is easily verified P is 
a ring called the direct product of the rings Rand S. 

If we take n rings say R /; R 2 , ..., R n define P = R, x ... xR n = f(r p r^ ..., rj / r. 
eR n , i- 1,2, .. ., rj is the direct product of the n rings R v R 2 , . . ., R n . 

Example 2.5.4 Let P = Z 2 x Z 5 = {(a, b) / a eZ 2 and b e Z 5 }. P is a direct product 
of rings with 10 elements and has nontrivial zero divisors. 

Example 2.5.5: Let S = Z 2 x Z x f the direct product of ring. S is an infinite ring 
with zero divisors, S is a commutative ring. 

Definition 2 . 5 . 4 : Consider the subset of C ( the complex field) given by ZfiJ = 
{a + ib / a, b e Zj. This is the set of integral points whose both coordinates are 
integers. It is easily verified ZfiJ is a ring called the ring of Gaussian integers 
where addition and multiplication are given by (a + ib) + (c + id) - (a + c, i(b 
+ d)) and (a + ib) (c + id) - (ac- bd, i(ad + be)). The unity of ZfiJ is 1. 

Definition 2 . 5 . 5 : Consider the set QfiJ = fa + ib/ a, b e Q}, Q the field of 
rationals. It is easily verified QfiJ is a ring called the ring of Gaussian numbers; 
in fact QfiJ is a field. It is easy to verify. Z a ZfiJ a Q[i ] <eR JiJ = C. 

For more about properties of Gaussian rings refer [ 15] . 

The reader may just recall the concept of integral quaternions which was introduced 
in section 2.1. Now we introduce the concept of group rings and semigroup rings. 

Definition 2 . 5 . 6 : Let R be a commutative ring with unit 1 and G be a 
multiplicative group. The group ring, RG of the group G over the ring R consists 
of all finite formal sums of the form 'f^o.jgi (i-runs over a finite number) 

i 

where a. e R and g i e G satisfying the following conditions: 
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v i 


J 


V J 


J 
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iv) r i m i = m i r i for all r. e R and m. e G. 
n n 

V) = Z^ ;T / )Si f or r P r e Rand X >/£/ e ^ . 

i=l i=l 



RG is a ring with 0 e R as its additive identity. Since 1 eR we have G - l.G czG 
and Re - R c RG where e is the identity of G. Clearly if we replace the group G 
by a semigroup S we say RS is the semigroup ring of the semigroup S over the ring 
R 

Example 2.5.6 : Let Z 2 = {(), 1} be the ring and G = (g/g 5 = 1), the group ring Z 2 G 
is a ring which is commutative and has zero divisors. For g’ + 1 = (g + 1) (1+ g + g 2 
+ 8 + 8 ) = 0. 



It is now important to mention if R is a ring and G is any finite group or has elements 
of finite order than the group ring RG has nontrivial zero divisors. 

If G is a torsion free abelian group and K a field of characteristic zero, the group ring 
KG has no zero divisors. It is pertinent to mention here till date i.e., even after 60 
years the problem if K is a field of characteristic zero and G a torsion free non-abelian 
group; can the group ring KG have zero divisors remains open, proposed in 1940 by 
G fligman [33] . 

Problems: 



1 . Find ideals in Z 7 [x] , the polynomial ring in the variable x. 

2 . Can Z 8 [x] have zero divisors? Find a maximal ideal in Z 8 [x] . 

3. Let M 2X2 = { (a^) / a. e Z 8 } be the matrix ring. Find 

a. Idempotents in M 2 x 2 . 

b. Ideals (right only). 
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c. Zero divisors. 

d. Units. 

e. Subrings which are not ideals. 

4. Let G = S 3 and Z 3 = {0, 1, 2} find in the group ring Z 3 S 3 . 

a. Zero divisors. 

b. Ideals. 

c. Units. 

d. Left ideals. 

e. Idempotents. 

f. What is the order of Z 3 S 3 ? 

5. Let G = S(4) be the semigroup Z 2 = {(), 1} be the field of characteristic 2. Let 
Z 2 G be the semigroup ring of the semigroup G over Z 2 . Find 

a. Number of elements in Z 2 G. 

b. Idempotents in Z 2 G. 

c. Ideals in Z 2 G. 

Z G 

d. Quotient ring -2— for any ideal I of Z 2 G. 



2.6 Modules 

In this section we just recall the definition of modules and some of its basic properties 
and illustrate them by examples. 

Definition 2.6.1 : Let R be a ring. An R-module or a left R-module is an 
additive abelian group M having R as a left operator domain such that in 
addition to the requirement r(x +y) =rx + ry. (r e R, x,y e M); for all groups 
with operators, we also have (a+b) x -ax + by, (ab) x = a(bx), I R x = x for a, b 
e R and x e M. The elements ofM are called vectors and those of the ring R are 
called scalars. The mapping (a, x) ax of A x M —> M is called the scalar 
multiplication in the R-module M. We can define a similar notion called right R- 
modules where R acts on the right side ofM. 

Example 2.6.1: All the additive abelian groups over the ring of integers Z is a Z- 
module. 

Definition 2.6.2: let M be an R-module. A subgroup S of the additive group M 
is a submodule, ifS itself is an R-module. 

Definition 2.6.3: Let M and N be any two R-modules. An R-module 
homomorphism is a mapping (j) from M to N such that (j)(x + y) - (ftx) + (f)(y ) 
and (f>(ax) = affx) for all x,y eMand a eR. 



34 




We illustrate this by examples and problems. 

Example 2.6.2. Let R be a ring say Z 8 . Now M = Z 8 x Z 8 is an abelian group under 
addition, M is a Z 8 - module over Z 8 . 

Definition 2.6.4: Let M be a module, Mis called a simple module ifM # ( 0 ) 
and the only submodules ofM are ( 0 ) and M. 

Example 2.6.3 : Let R be a ring S = R x R is an R-module. (show M = R x {0} and 
N = {()} x R are not isomorpliic as S-modules). 

Problems: 



1 . Let A and B be two submodules of a module M; prove A n B is a submodule of M. 

2. M = ZxZxZxZxZisa module over Z. 

1. Find submodules of M. 

2 . Find two submodules which are isomorpliic in M. 

3. Let S = R x R x R be a module over R. Can S have submodules which are 
isomorphic? 

4. Is S given in example 3, a simple module over R? 

5. Give an example of a simple module. 



2.7 Rings with chain conditions 

In this section we recall the concept of chain conditions in rings; that is the concept of 
Aitinian rings and Noetherian rings and illustrate them by examples. 

Definition 2.7.1: Let Rbea ring. R is said to be left Noetherian or Noetherian 
if the R-modules, R t is Noetherian. Since the submodules ofR t are the same as left 
ideals of R; therefore this is the same as to say that the ring R satisfies the 
following equivalent conditions. 

a. Ascending chain conditions, (A.C.C) on left ideals: Lf every ascending 
chain M t cM 2 cz ... of left ideals ofR is stationary. 

b. Maximum condition on left ideals: Lf every non-empty collection of left 
ideals has a maximal member. 

c. Finite generations of left ideals every left ideal ofR is finitely generated. 
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Similarly a ring R is said to be left Artinian or Artinian if R-modules R t is 
Artinian; i.e., if the ringR satisfies the following equivalent conditions. 

1. Descending chain conditions (D.C.C) on left ideals: If every descending 
chain N t id N 2 z> . . . of left ideals ofR is stationary. 

2. Minimum condition on left ideals: every non-empty collection of left 
ideals of R has a minimal member. Finally we say that R is right 
Noetherian ( respectively right Artinian) if the right R-modides A . is 
Noetherian (respectively Artinian). 

Example 2.7.1: Let Z be the ring of integers; Z is Noetherian but it is not Artinian 
because we have (2) 3 (4) z> (8) 3 . . . (n) . . (n) denotes ideals of Z where n e 
Z. 



Example 2. 7.2 : The ring of polynomials in finitely many variables over a Noetherian 
ring is Noetherian. (This is known as Hilbert basis theorem) . 

Every right Artirian ring is right Noetherian. The converse does not hold good. 

Problems: 



1 . Show the finite direct product of Noetherian ring is Noetherian. 

2 . Is every factor ring of a right Artinian ring, Artinian? Justify your answer. 

fa 

3. Show that the ring of all 2 x 2 matrices 



V 0 Cy 



where a, b, c e Q is right 



Noetherian but not left Noetherian. 



4. 



Show that the ring of all 2 x 2 matrices 



b4 




a is rational b and c are 



reals is right Artinian but not left Artinian. 

5. Is the ring P = ZxZxZxZxZ Artinian? 

6. Prove R [x] is right Noetherian if R is Noetherian. 

7. Show R [Xj , . . . , x n ] is right Noetherian if R is right Noetherian. 
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Chapter three 



SMARANDACHE RINGS AND ITS 
PROPERTIES 

This is the main chapter of this book. Here we introduce several new concepts in 
Smarandache rings and recall the definition of Smarandache rings, Smarandache 
ideals and Smarandache subrings as given by Florentin Smarandache. We do not 
indulge in proving any of the classical results in ring theory. For in our opinion as 
there are many texts on ring theory any interested reader can develop all classical 
results and theorem to Smarandache rings. 

Several new concepts from ring theory that are not found in textbooks but have 
appeared only as research papers are introduced in this chapter. So at this juncture 
the author makes it very clear that most of the ring theory concepts given in 
undergraduate texts are ignored as they can be treated as exercises once this book is 
mastered. The author felt that when several innovative concepts in ring theory - about 
elements and substructures in rings - which are found only in research papers are 
given Smarandache equivalents, certainly it would be of interest to both Smarandache 
algebraists and ring theorists. Hence this book incorporates both the unique concepts 
of ring theory and their Smarandache analogues. It contains several definitions 
propoimded by various authors and also provides an extensive bibliography of these 
papers thereby making it an important piece of work on Smarandache rings. 

This chapter is organized into ten sections. Section one defines Smarandache rings of 
level I and II, explains with examples and introduces the concept of Smarandache 
commutative rings. In section two, three, four the author introduces the special 
elements in a ring viz Smarandache units, Smarandache zero divisors and 
Smarandache idempotents. Several important results are given with many illustrative 
examples. The main substructure like S-ideals and S-subring are studied in section 
five leading to the definition of Smarandache simple rings, Smarandache pseudo 
simple rings. Smarandache modules are introduced in section six. Just the 
Smarandache analogue of D.C.C and A.C.C are given in section seven. 

In section eight we define Smarandache group rings and Smarandache semi group 
rings as they serve as concrete examples in almost all illustrations. Special elements 
like Smarandache nilpotents, Smarandache semi idempotent, Smarandache pseudo 
commutative pair, S-quasi commutative elements, Smarandache semi nilpotent 
element etc. are introduced in the ninth section. The tenth section is the longest 
section and the main section of this chapter. It introduces over 70 Smarandache 
notions and gives around 40 theorems with 55 illustrative examples. 

In several places the author leaves the proof of certain result for the reader as only by 
solving these at each stage can make a researcher well versed in Smarandache ring 
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theory. This section ends with 70 problems which can be easily worked as exercise by 
any studious researcher. Each section starts with a brief introduction. 

3.1 Definition of Smarandache Ring with Examples 

In this section we recall the definition of the Smarandache rings and illustrate it with 
examples. Smarandache rings were introduced by Florentin Smarandache [73], see 
also Padilla Raul [60] , in the year 1998. Several researchers have been working on 
these Smarandache concepts. As we have several books on ring theory and no book 
on Smarandache rings here we venture to write a book on Smarandache-Rings 
distinctly different from usual ring theory books. 

Definition [ 73 , 60] :A Smarandache ring (S-ring) is defined to be a ring A, 
such that a proper subset of A is a field with respect to the operations induced. By 
proper subset we understand a set included in A different from the empty set, 
from the unit element if any and from A. 

Example 3-1.1: Let F[x] be a polynomial ring over a field F. F[x] is a S-ring. 

Example 3-1-2 : Let Z 12 = {0, 1, 2, . . ., 11} be a ring. Z 12 is a S-ring as A = {0, 4, 8} 
is a field with 4 acting as the unit element. 

Example 3-1-3 Z 6 = {0, 1, 2, . . ., 5} is a S-ring; for take A = {0, 2, 4} is a field with 
4 acting as the unit of A. 

It is interesting to note that we do not demand the unit of the ring to be the unit of the 
field; further we do not expect all rings to be S-rings. 

From now onwards we will call these S-rings as S-ring I. For these rings do not help 
us to define Smarandache commutative ring or like concepts. So we are forced to opt 
for the second level of S-ring. 

Definition 3.1.1 : let R be a ring, R is said to be a Smarandache ring of level 
II (S-ring II) ifR contains a proper subset A (A *0) such that 

1. A is an additive abelian group. 

2. A is a semigroup under multiplication. 

3 . For a, b, e A; a.b-0 if and only if a -0 orb - 0. 

Theorem 3.1.1: Let R be S-ring I then R is a S-ring II. 

Proof: By the very definition of S-ring I and S-ring II we see every S-ring I is a S-ring II 
for it obviously satisfies all conditions of S-ring II. 
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Theorem 3.1.2: Every S-ringll need not in general be a S-ringl 

Proof. Take Z[x] the polynomial ring. Z[x] is S-ring II for ZcZ[x] but Z[x] is not a 
S-ring I. 

Thus we have the class of S-ring I to be strictly contained in the class of S-ring II. 

Definition 3.1.2 \ let R be a ring, R is said to be a Smarandache commutative 
ring II (S-commutative ring II) ifR is a S-ring and there exists at least a proper 
subset A of R which is a field or an integral domain i.e. for all a, b e A we have 
ab - ba. If R has no proper subset A (A c R) which is a field or an integral 
domain then we say R is a Smarandache non-commutative ring II (S-non- 
commutative ring II). 

Thus we can simply say R is a S-non-commutative ring II if no proper subset of R is an 
integral domain or a field. 

Theorem 3.1.3 . let R be a ring, R is a S-commutative ring II if and only ifR 
has atleast a proper subset, which is an integral domain. 

Proof. Given R is a S-commutative ring II, so R has a proper subset A, which is an 
integral domain. 

Conversely suppose R has a proper subset A which is an integral domain by the very 
definition of S-ring II, R is a S-commutative ring II. 

Theorem 3.1.4: LetR be a ring, R is said to be a S-non-commutative ring II if 
R has no proper subset A, which is an integral domain, but R has only proper 
subsets, which are division rings. 

Proof. For if R has adeast one proper subset which is an integral domain then R will 
be a S-commutative ring II but for R to be a S-ring II, R must have atleast a proper 
subset which is a division ring. Hence the claim. 

From these definitions and results we see even if R is a non-commutative ring still R 
can be a S-commutative ring II. 

Example 3-1-4 Let QR={a 0 + a,i + a 2 j + a 3 k/ a 0 , a,, a 2 , a 3 e Q - the field of 
rationals, i 2 = j 2 = k 2 = -1 = ijk, ij = - ji = k, jk = - kj = i, ki = -ik = j} be the ring 
of quaternions. 

Clearly QR is a S-commutative ring II and QR is also a S-ring I. (QR is non- 
commutative) as it has Q cz QR to be a commutative field. 
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Definition 3.1.3: Let R be a ring, R is a S-ring I (or II), we say the 
Smaranckiche characteristics (S-characteristic) of R is the characteristic of the 
field which is a proper subset of R (and or) the characteristic of the integral 
domain which is a proper subset of R or the characteristic of a division ring 
which is a proper subset ofR. 

Thus for a ring R which is a S-ring I or S-ring II we can have several S-characteristics 
associated with it. 

Theorem 3.1.5 \ Let R be a commutative finite ring. IfR is a S-ring II then R is 
a S-ring I. 

Proof By the very definition of S-ring I and S-ring II we see they are identical in a 
finite commutative ring as “Every finite integral domain is a field”. Hence the claim. 

Theorem 3.1.6: IfR is a S-ring I (or S-ring II) and Rfx] is a polynomial ring 
in the indeterminate x overR, then Rfx] is a S-ring I (or S-ring II). 

Proof. Now R is a S-ring I (S-ring II) so A c= R (A is a field or an integral domain or a 
division ring) so A[x] c= R [x] is an integral domain or a division ring, hence R is S- 
ring II or A c Rfx] , so if R is a S-ring I so is R[x] . 

Theorem 3.1.7: Let F be a field and G any group. Then the group ring FG is a 
S-ring I. 

Proof. The result is true as the field F is such that F c FG. Hence FG is a S-ring I. 

Theorem 3.1.8 \ Let F be a field and S any semigroup with unit. The semigroup 
ring FS is a S-ring I. 

Proof. Left for the reader to prove. 

Theorem 3.1.9 . Let Z be the ring of integers and G any group, then the group 
ring ZG is a S-ring II and not a S-ring I. 

Proof. Obvious from the fact Z is only an integral domain and Z cz ZG; hence ZG is a 
S-ring II. 

Corollary: Let Z be the ring of integers and G a non-commutative group (S a 
non-commutative monoid) then the group ring ZG (the semigroup ring ZS) is a 
S-ring II. 

Proof. Left for the reader to verily. 
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Theorem: 3.1.10: LetM nXn = { (a.j) /a {j e Z} be the ring of matrices. M nXn is a 
S-ringll 

Proof. Consider the matrix, A = {(a u ) / a^ e Z \ {0} and \ - 0, i ^ j} u(0), (where 
(0) is the zero matrix) that is, A consists of only diagonal matrices. Then A is an 
integral domain, so M nXn is a S-ring II and not a S-ring I. 

Problems: 

1 . Give an example of a S-ring II, which is not a S-ring I. 

2 . Can a ring with zero divisors be a S-ring I? Justify your answer with examples. 

3 . Give an example of a finite S-ring I of order 64. 

4. What is the order of the smallest S-ring I which is non-commutative? 

5. Give an example of a smallest S-ring I. 

6. Find a S-ring I using the semigroup S(5). (By constructing suitable semigroup 
rings). 

7. Let Z 3 S(4) be the S-ring I. Is Z 3 S(4) a S-commutative ring I? 

8. Let Z 24 S 3 be the group ring of the group S 3 over the ring Z 24 . How many proper 
subsets in Z 24 S 3 are fields? Is Z 24 S 3 , S-commutative? 

9. Is Z 12 G where G = (g/g 1 ’ = 1), a S-ring II? Justify your answer. 

10. ZS(n) be the semigroup ring. Is Z S(n) a S-ring I? Justify your claim. 



3.2 Smarandache units in Rings 

In this section we introduce the notion of Smarandache units (S-units) in rings. For 
introducing S-units we don’t require S-ring. S-units are defined for any arbitrary ring 
and interesting results are obtained. We prove that units of the form x = 1 can never 
be S-units. We prove every unit in the field of rationals and reals are S-units. 

Definitions 3.2.1: Let R be a ring with unit. We say x e R \ {1} is a 
Smarandache unit (S-unit) if there exists y e R with 

1. xy-1. 

2. There exists a, b in R\ fx, y, 1}. 

i) xa-yorax-yor 

ii) yb-xorby-x and 
Hi) ab = 1. 

(2(i) or 2 (ii) is satisfied it is enough to make a S-unit). 
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Example 3-2.1. Let Z 9 = {0, 1,2,.. ., 8} be the ring under multiplication modulo 9, 
2 g Z 9 is a S-unit for 5 g Z () is such that 2.5 = 1 (mod 9) and 7,4 g Z 9 is such that 
2.7 = 5 (mod 9) and 5.4 = 2 (mod 9) with 7.4 = 1 (mod 9). 

Example 3-2.2. Let Z 5 = {0, 1, 2, 3, 4} be the ring of integers modulo 5. Clearly 3 e 
Z 5 is a S-unit in Z 5 as 2.3 = 1 (mod 5) and 4 e Z 5 is such that 2.4 = 3 (mod 5) and 
3.4 = 2 (mod 5) and 4 2 = 1 (mod 5). 

Theorem 3.2.1: Every S-unit in a ring is a unit but all units in a ring need not 
in general be S-units. 

Proof. Clearly by the very definition of S-unit we see it is a unit, but every unit need not 
be a S-unit. We prove this by an example: Consider the ring. Z 9 = {(), 1,2, . . ., 8} of 
modulo integers. Clearly 7 is a unit as 7.4 = 1 (mod 9); 7 is not a S-unit in Z 9 as we 
cannot find a, b e Z 9 \ {7, 4} such that 7a = 4 (mod 9) or 4.b = 7 (mod 5) with ab 
=1 (mod 9). 

Example 3-2-3. Let Z 15 = {0, 1, 2, . . ., 14} be the ring of integers modulo 15. Now 2 
g Z 15 is a S-unit for 2.8 = 1 (mod 15), 4 2 = 1 (mod 15) and 2.4 = 8 (mod 15). 

It is important to note that when we say x is a S-unit in R we do not say there exist y ^ 
x in R, but we will prove that x = 1 can never be a S-unit so it is not essential to say y 
■jt x in the definition. 

Similarly when we take a, b g R \ {x, y, 1 } we do not demand a and b to be distinct, a 
= b can also occur. We illustrate this by an example. 

Example 3-2.4. Z., = {0, 1,2,.. ., 14} be the ring of integers modulo 15. We have 

2 ^ 

4 = 1 (mod 15) as we cannot find a, b g Z 15 such that 4a = 4 (mod 15) or 4b = 4 
(mod 15) with a.b = l(modl5). 

Theorem 3.2.2 : let R be a ring with unit 1, if x e R\fl} is a S-unit, with xy 
= 1 then x *y. 

Proof. Let x g R \ { 1 } is a S-unit, so by definition we have xy = 1 such that a, b g R \ 
{x, y, 1} with xa = y or ax = y, (by = x or yb = x) and ab = 1; if x = y then we have x 2 
= 1, xa = x, i.e., x a = x that is a = 1, a contradiction to the very definition of S-unit. 

Example 3-2-5: Let R 2 X 2 = { (a^) / a (j g Z 2 = {0, 1}} be the collection of all 2 x 2 

matrices with entries from Z 2 = {0, 1}. R 2 X 2 is a ring under the matrix multiplication 
and matrix addition. 
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In R 2x 2 we have 
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is the multiplicative identity. To find which of these are S-units. Clearly it can be easily 
verified that 
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are not S-units. It can be verified that none of the elements in R 2x2 are S-units but 
R 2x2 has 5 distinct units. 



From tins example we have made the following observations: 
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clearly 
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fo i] 

x = y = 

[l oj 

Now if we do not assume a, b e R \ {x, y, 1 }; a = 1 or b = 1 can occur in which case 
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thus every element x in a ring R such that x = 1 will become a S-unit. Further 
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is an example; if we do not assume a, b e R \ {x, v, 1 } and if we take 
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Hence the assumptions in the definition 3.2.1 are important for S-units to be distincdy 
different from units. 



Theorem 3.2.3 .Every unit in the ring Z n = {0, 1, n-1} is not a S-unit. 

Proof. Given Z n is the ring of integers modulo n. We have n-1 e Z n is such that 
(n — 1) (n — 1) = 1 (mod n) is a unit, which is not a S-unit by theorem 3.2.2. Thus we 
have in a prime field of characteristic p, p a prime every element is a unit but every 
element in Z p is not a S-unit contrary to prime fields of characteristic 0. 

Theorem 3 . 2 . 4 : Let Q be the field ofrationals, every unit in Qisa S-unit. 
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Proof. Q is the field of rationals. To prove every unit in Q is a S-unit in Q. Let m be an 

integer, we know mx — = 1, mx * = — and m 2 x — = m and — ^-x m 2 = 1 . If 
m nr m m m 2 

m = -(q^0) then m , = - is such that m. m = 1. Now — x — = — and 
q P q P2 P 

q p 2 p p 2 q 2 

— x = - and x fy- = 1 . Hence every unit in Q is a S-unit. 

P q 2 q q 2 p 2 

In view of this we have the following theorem: 

Theorem 3.2.5: IfF is a prime field of characteristic 0 every unit is a S-unit. 

Proof. Since all prime fields of characteristic 0 are isomorphic to Q we have the 
result. 

Example 3-2.6: Let Q be the field of characteristic 0 and G = {g I g 2 = 1}. The 
group ring QG = {a + fig I a, fi e Q}. Now g e QG and g 2 = 1 but g is not a S-unit. 

Definition 3.2.2 : let She a ring, if every element in S is a S-unit then we say 
S is a Smarandache unit domain (S-unit domain). 

If S has no S-units, S is said to be a Smarandache unit free ring (S-unit free 
ring). 

Example 3-2. 7: Q is a S-unit domain. 

Example 3-2.8: R is a S-unit domain. 

Example 3-2-9. Z , p a prime is a S-unit free domain. 

Problems: 

1. Find all S-units in Z 210 . 

2 . Find all S-units of the group ring Z 2 S 3 . 

3. How many S-units does the semigroup ring Z 4 S(3) have? 

4. Find those units, which are not S-units in Z 24 . 

5. Does M 3x3 = {(Ujj ) / a ij e Z 4 = {0, 1, 2, 3}}, the ring of 3 x 3 matrices have 
S-units? Justify your answer. 

6. Find all S-units in QS g , the group ring of the group S 8 over the rational field Q. 

7. Find the S-units in ZS(7); the semigroup ring of the semigroup S(7) over the 
ring of integers Z. 
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8. Find units in the semigroup ring ZS(7) given in problem 7 which are not S- 
units. 

9. Find the S-units of the group ring Z n G where G is the dihedral group given by 
G = {a, b / a 2 = b 9 = 1, bab = a}. 

10. Find all units in Z n G in problem 9 which are not S-units. 

11. Can the group ring Z 3 G where G = (g/ g p = 1), p a prime p > 3 have S-units? 
Justify your answer. 

12. Can the group ring Z p G where G = (g / g p = 1), have S-units? Does Z p G have 
units, which are not S-units? 



3.3 Smarandache Zero Divisors in Rings 

In this section we introduce the concept of Smarandache zero divisors (S-zero 
divisors) in rings and show that every S-zero divisor is a zero divisor but all zero 
divisors are not S-zero divisors. 

Definition 3.3.1: Let R be a ring, we say x and y in R is said to be a 
Smarandache zero divisor (S-zero divisor) if xy - 0 and there exists a, b eR\{ 0, 
x, y} with 



1. xa-0orax-0. 

2. yb - 0 or b)’-0. 

3. ab ^Oorba^O. 

Example 3-3-1 Let Z 20 = {0, 1, 2, ..., 19} be the ring of integers modulo 20. 
Clearly 10, 16 is a S-zero divisor, consider 5, 6 e Z 20 \ {0} 

5 x 16 = 0 (mod 20) 

6x10 = 0 (mod 20) 

6 x 5 # 0 (mod 20). 

Example 3-3-2 : Let Z 10 = {0, 1, . . ., 9} be the ring of integers modulo 10. Clearly 
2.5 = 10 = 0 (modlO) is a zero divisor but is not a S-zero divisor. 

Theorem 3.3.1 . Let R be a ring. Every S-zero divisor is a zero divisor blit a 
zero divisor in general is not a S-zero divisor. 

Proof. By the very definition of S-zero divisor we see if x, y is a S-zero divisor, it is a 
zero divisor. But by example 3.3.2 we see 2.5 = 0 (mod 10) is a zero divisor in Z 10 
but it is not a S-zero divisor. 
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Example 333 Let S 



2x2 



^a b A 
v c dy 



/ a,b,c,d gZ 2 = {0,1} \ be the set of all 2 x 2 



matrices with entries from the ring of integers Z 2 . Clearly S 2 X 2 is the matrix ring. Now 



V 0 Oy 



^0 0^ 
V 0 ly 



G $2x2 



is zero divisor of S 2 x 2 as 



0 V 



v 0 0y V 



0 0 
0 1 



^0 0^ 
v 0 Oy 



and 



^0 o v 



v0 lyv 



1 0 
0 0 



^0 0^ 
v 0 Oy 



Now take 



x = 



r 0 1$ 
V 0 Oy 



and y = 



^0 0 A 
V 1 Oy 



in S 2x 2 - We have 



^0 l v 



V 0 0y V 



1 0 
0 0 



^0 0 A 
V 0 Oy 



but 



f \ o v 



V 0 0y V 



0 1 
0 0 



^o i] f o o^ 

" v 0 Oy 



V 0 Oy 



Zn nV 



0 0 
1 0 



0 0 
A° ly 



^0 0^ 
v 0 Oy 



but 



^0 0^ 
V 0 ly 



^0 0^ 
v l Oy 



^0 0 N 
Vl Oy 



^0 0 N 
V 0 Oy 



Finally 



"0 f 
v 0 0 y 



'0 0^ 
vl 0 y 



r \ 0" 

v o o y 



"0 0^ 

vO 0/ 



ro ov 



0 1 



ll 0y V 



0 0. 



"0 0 ^ 
vO lx 



"0 0^ 

v o o y 



Hence 
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"0 1^ 




'0 0^ 


v o o y 


> 


V 1 o y 



is a S-zero divisor of the ring S 2 x 2 - 

Example 3-3-4 Let R 3 X 3 = { (a.) / a jj e Z 4 = {0, 1, 2, 3}} be the collection of all 

3x3 matrices with entries from Z 4 . Now R 3 X 3 is a ring under matrix multiplication 
modulo 4. We have 



1 0 0 ^ 




'0 0 0 ^ 


0 0 0 




0 1 0 


0 0 lj 




V 0 2 2 y 



in R 3x 3 is a zero divisor of R 3 X 3 . 



f 1 


0 


0^ 




"0 


0 


0^ 




^0 


0 


0^ 


0 


0 


0 




0 


1 


0 


= 


0 


0 


0 




0 


2 v 






2 


2 v 






0 


0, 


"0 


0 


0^ 




fl 


0 


0" 




^0 


0 


0^ 


0 


1 


0 




0 


0 


0 


= 


0 


0 


0 


,0 


2 


2, 




,0 


0 


2 


' 


,0 


0 


0, 



Consider 



0 0 0 ^ 




^0 0 0 ^ 




0 3 2 




0 0 0 


G R 3x3 


0 0 2 J 




v° 2 1 J 





fl 


0 


0^ 




r 0 


0 


0^ 




^0 


0 


0^ 


0 


0 


0 




0 


3 


2 


= 


0 


0 


0 


v° 


0 


2 V 






0 


2 v 






0 


0, 


"0 


0 


0^ 




f 1 


0 


0^ 




^0 


0 


0^ 


0 


3 


2 




0 


0 


0 


= 


0 


0 


0 




0 


2 v 






0 


2 v 






0 


0, 
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